On the Uniqueness of the Leech Lattice  by Wan, Zhe-xian
 Europ . J . Combinatorics  (1997)  18 ,  455 – 459
 On the Uniqueness of the Leech Lattice
 Z HE-XIAN W AN
 It has been found that there is an error in Venkov’s proof of the uniqueness of the Leech
 lattice . A construction of neighbours of even unimodular lattices is studied and is used to
 modify Venkov’s proof so that the error is corrected .
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 1 .  I NTRODUCTION
 The Leech lattice was introduced by Leech [4] in 1964 and its uniqueness was proved
 by Conway [1] in 1969 . Then , using a construction of neighbours of unimodular lattices
 and the fact that there is a unique (up to isomorphism) 24-dimensional even
 unimodular lattice the roots of which generate the root lattice of type 24 A 1  ,  Venkov [5]
 gave another proof in 1978 . His paper [5] was included as a chapter in Conway and
 Sloane [2] in 1988 and his proof was reproduced in Ebeling [3] in 1994 . However , there
 is an error in Venkov’s proof [5] , which will be pointed out explicitly at the end of this
 paper . Now , properties of a construction of neighbours of even unimodular lattices are
 exhibited and are used to modify Venkov’s proof so that the error is corrected .
 2 .  C ONSTRUCTION OF N EIGHBOURS
 Two lattices  L  and  L 9 in  R n  are called  neighbours  if their intersection  L  >  L 9 has
 index 2 in each of them .
 P ROPOSITION 1 .  Let L be a unimodular lattice . Then :
 (a)  Let u  P  L , u  / 2  ¸  L and u 2 / 4  P  Z .  Define L u  5  h x  P  L  3  x  ?  u  ;  0 (mod  2) j  and
 L u  5  L u  <  ( u  / 2  1  L u ) . Then L u is also a unimodular lattice , L  >  L u  5  L u  , and L and L u
 are neighbours .
 (b)  Any neighbour L 9  of L arises in the way of  (a) ,  i .e . L 9  5  L u , where u  P  L , u  / 2  ¸  L
 and u 2 / 4  P  Z ,  if f L 9  is integral .
 (c)  Let u , u 9  P  L , u  / 2 , u 9 / 2  ¸  L and u  2 / 4 , u 9 2 / 4  P  Z .  If L u  5  L u 9 , then L u  5  L u 9  and
 u  / 2  ;  u 9 / 2  (mod  L u ) .
 P ROOF .  (a) This assertion can be found in [2 , Chapter 17] , but no proof was given
 there . For completeness , we give a proof of (a) .
 We assert that  L u  ?  L .  Suppose that  L u  5  L ; then  x  ?  u  ;  0 (mod  2) for all  x  P  L ;
 then  x  ?  ( u  / 2)  P  Z  for all  x  P  L ,  which implies  u  / 2  P  L * ,  where  L * denotes the dual
 lattice of  L .  Since  L  is unimodular ,  L *  5  L .  Then  u  / 2  P  L ,  which is a contradiction .
 Define  L 9 u  5  h x  P  L  3  x  ?  u  ;  1 (mod  2) j ; then  L  5  L u  <  L 9 u  is the coset decomposition of
 L  relative to  L u  ,  u L / L u u  5  2 and  L u  is a lattice in  R n .  Clearly ,  L u  5  L u  <  ( u  / 2  1  L u ) is an
 integral lattice in  R n  containing  L u  ,  u L u  / L u u  5  2 and  L  >  L u  5  L u .  Therefore  L u  is a
 unimodular lattice in  R n ,  and  L  and  L u  are neighbours .
 (b)  The ‘only if’ part follows from (a) . Now we are going to prove the ‘if’ part . Let
 L 9  be an integral lattice and  L  and  L 9 be neighbours . Let  L d  5  L  >  L 9 .  Then
 u L / L d u  5  u L 9 / L d u  5  2  and  L 9 can be written as  L 9  5  L d  <  ( y  1  L d ) ,  where  y  P  L 9 and
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 y  ¸  L d .  Since  L  >  L 9  5  L d  ,  y  ¸  L .  Clearly ,  u  5  2 y  P  L d  and , hence ,  u  P  L , u  / 2  5  y  ¸  L
 and  u 2 / 4  5  y  2  P  Z , since  L 9 is integral . Define  L u  as above . As in (a) we can prove that
 L u  ?  L  and  u L / L u u  5  2 .  We assert that  L u  5  L d .  For any  x  P  L d  ,  we have  x  P  L 9 .  Since
 L 9  is integral ,  x  ?  y  P  Z , which implies that  x  ?  u  ;  0 (mod  2) , i . e .  x  P  L u .  Therefore
 L d  Ô  L u .  Since  u L / L d u  5  u L / L u u  5  2 ,  we have  L d  5  L u .  Therefore  L 9  5  L u  <  ( u  / 2  1  L u ) .
 (c)  Assume that  L u  5  L u 9 .  If  L u  ?  L u 9 ,  there is a  w  P  L u  but  w  ¸  L u 9 ,  or a  w  ¸  L u  but
 w  P  L u 9 .  Consider the first case . (The other case can be treated in a similar way . ) Then
 w  P  u 9 / 2  1  L u 9 ,  and we may write  w  5  u 9 / 2  1  w 9 ,  where  w 9  P  L u 9 .  We have  w  ?  u 9  5
 u 9 2 / 2  1  w 9  ?  u 9  ;  0  (mod  2) , which implies that  w  P  L u 9 ,  a contradiction . Therefore
 L u  5  L u 9 .  Then  u  / 2  1  L u  5  u 9 / 2  1  L u  and , hence ,  u  / 2  ;  u 9 / 2 (mod  L u ) .  h
 P ROPOSITION 2 .  Let L be an e y  en unimodular lattice . Then :
 (a)  Let u  P  L , u  / 2  ¸  L and u 2 / 4  P  Z .  Then L u is an e y  en unimodular lattice if f u 2 / 8  P  Z .
 (b)  Let u , u 9  P  L , u  / 2 , u 9 / 2  ¸  L , u 2 / 8 , u 9 2 / 8  P  Z ,  and u  / 2  ;  u 9 / 2 (mod  L ) . Then
 L u  5  L u 9 and u  / 2  ;  u 9 / 2 (mod  L u ) .
 P ROOF .  (a) By Proposition 1(a) , we know that  L u  is a unimodular lattice . For any
 w  P  L u  ,  we have  w  ?  u  ;  0 (mod  2) . Since  L  is even and  L  Ó  L u  , w 2  P  2 Z . Therefore
 ( u  / 2  1  w ) 2  5  u 2 / 4  1  u  ?  w  1  w  2  P  2 Z if f  u 2 / 4  P  2 Z , i . e .  u 2 / 8  P  Z .
 (b)  Clearly ,  u  5  u 9  1  2 w ,  where  w  P  L .  Thus  x  ?  u  ;  x  ?  u 9 (mod  2) for all  x  P  L ,
 which implies that  L u  5  L u 9 .  From  u  / 2  5  u 9 / 2  1  w ,  we deduce that  u 2 / 4  5  u 9 2 / 4  1
 u 9  ?  w  1  w  2 .  By hypothesis ,  u 2 / 4 , u 9 2 / 4 and  w  2 are all even . It follows that  u 9  ?  w  ;  0
 (mod  2) , i . e .  w  P  L u 9  5  L u .  Then  u  / 2  ;  u 9 / 2 (mod  L u ) and  u  / 2  1  L u  5  u 9 / 2  1  L u 9 .
 Therefore  L u  5  L u 9 .  h
 E XAMPLE 1 .  Let  G ˜   be the extended binary Golay code , which is a doubly even
 self-dual binary linear [24 ,  12 ,  8]-code . Let
 L G ˜  5 H  1 4 2  ( c  1  2 y )  U  c  P  G ˜  and  y  P  Z 2 4 J ,
 where the  c ’s are regarded as 24-dimensional vectors , the components of which are real
 numbers 0 and 1 , not elements from  F 2 . It is known that  L G ˜   is an even unimodular
 lattice in  R 2 4 the roots (i . e . vectors of square length 2) of which generate the root
 lattice of type 24 A 1  .  Let
 L 2 4  5 H  1 4 2  ( c  1  2 y )  U  c  P  G ˜  ,  y  P  Z 2 4 ,  and  O
 24
 i 5 1
 y i  ;  0  (mod  2) J
 < H  1 4 2  S 1 2  1 2 4  1  c  1  2 z D  U  c  P  G ˜  ,  z  P  Z 2 4  and  O
 24
 i 5 1
 z i  ;  1  (mod  2) J ,
 where 1 2 4 is the 24-dimensional all-1 vector . It is also known that  L 2 4 is the Leech
 lattice , which is an even unimodular lattice in  R 2 4 without roots . Let  u  5  (1 / 4 2)( 2 3 ,
 On the uniqueness of the Leech lattice  457
 1 2 3 ) , where 1 2 3 represents 23  1’s . It is easy to see that  u  P  L G ˜  , u  / 2  ¸  L G ˜  , u 2 / 8  P  Z ,
 ( L G ˜  ) u  5 H  1 4 2  ( c  1  2 y )  3  c  P  G ˜  ,  y  P  Z 2 4  and  O
 24
 i 5 1
 y i  ;  0  (mod  2) J ,
 ( L G ˜  ) 9 u  5 H  1 4 2  ( c  1  2 z )  U  c  P  G ˜  ,  z  P  Z 2 4  and  O
 24
 i 5 1
 z i  ;  1  (mod  2) J ,




 1  ( L G ˜  ) u  5 H  1 4 2  S 1 2  1 2 4  1  c  1  2 z D  U  c  P  G ˜  ,  z  P  Z 2 4  and  O
 24
 i 5 1
 z i  ;  1  (mod  2) J .
 Therefore
 L 2 4  5  ( L G ˜  )
 u  5  ( L G ˜  ) u  <  ( u  / 2  1  ( L G ˜  ) u ) .
 E XAMPLE 2 .  Let  L  5  Z 2 and  L 9  5  1 – 2 Z  3  2 Z . Then  L  >  L 9  5  Z  3  2 Z . Clearly ,  u L / L  >
 L 9 u  5  u L 9 / L  >  L 9 u  5  2 .  Hence  L  and  L 9 are neighbours . Since  L 9 is not an integral
 lattice , it cannot be expressed as  L u  5  L u  <  ( u  / 2  1  L u ) ,  where  u  P  L , u  / 2  ¸  L , u 2 / 4  P  Z
 and  L u  5  h x  P  L  3  x  ?  u  ;  0 (mod  2) j .
 This example shows that the statement ‘All neighbours of a unimodular lattice arise
 in the way of (a)’ , which was stated in [2 , Chapter 17] is not correct .
 E XAMPLE 3 .  In Example 1 , let  u 9  5  (1 / 4 2)1 2 4 .  Then  u 9  P  L G ˜  , u 9 / 2  ¸  L G ˜  , u 9 2 / 4  5
 3  P  Z and  u 9 2 / 8  ¸  Z . By Proposition 2(a) , ( L G ˜  ) u 9 is not even . Therefore ( L G ˜  ) u  ?  ( L G ˜  ) u 9 .
 Clearly ,  u  / 2  2  u 9 / 2  5  (1 / 4 2)( 2 2 ,  0 2 3 )  P  L G ˜  .
 This example shows that the statement ‘for a unimodular (or an even unimodular)
 lattice  L ,  and for  u , u 9  P  L , u  / 2 , u 9 / 2  ¸  L ,  and  u 2 / 4 , u 9 2 / 4  P  Z ,  L u  5  L u 9 if f  u  / 2  ;  u 9 / 2
 (mod  L )’ ,  which was stated in [2 , Chapter 17] (or [3 , Chapter 4] respectively) , is not
 correct .
 3 .  T HE U NIQUENESS OF THE L EECH L ATTICE
 T HEOREM 3 (Conway) .  There is a unique  ( up to isomorphism ) 24- dimensional e y  en
 unimodular lattice without roots .
 P ROOF .  First we follow Venkov’s proof . Let  L  be a 24-dimensional even unimodu-
 lar lattice without roots and let  θ L ( z ) be its theta function . Let  L 2 4 be the Leech lattice
 and let  θ  L 2 4 ( z ) be its theta function . Both  θ L ( z ) and  θ  L 2 4 ( z ) are modular forms of
 weight 12 . Expanding both of them into power series in  q ,  where  q  5  e 2 pi  i z ,  their
 constant terms are both equal to 1 and their coef ficients of  q 2 are both 0 . Therefore
 θ L ( z )  5  θ  L 2 4 ( z ) .  Since there is a vector in  L 2 4 , say (1 / 4 2) (1 8 ,  0 8 ,  1 8 ) , of square length 8 ,
 the coef ficient of  q 4 in  θ  L 2 4 ( z ) is  . 0 . So , the coef ficient of  q 4 in  θ L ( z ) is  . 0 , and , hence ,
 there is a vector  u  P  L  such that  u 2  5  8 .  Since ( u  / 2) 2  5  2 and  L  has no roots ,  u  / 2  ¸  L .
 By Propositions 1(a) and 2(a) ,  L u  5  L u  <  ( u  / 2  1  L u ) is an even unimodular lattice in
 R 2 4 . Since  u  / 2  P  L u , L u  has roots .
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 We prove that the roots in  L u  generate a root lattice of type 24 A 1  .  It is suf ficient to
 show that for any two roots  x , y  P  L u  and  x  ?  Ú y ,  we have  x  ?  y  5  0 .  We have
 x 2  5  y  2  5  2 .  Assume that  x  ?  y  ?  0 .  Then either  x  2  y  or  x  1  y  is a root , and both belong
 to  L u .  But  L u  has no root , since  L u  Õ  L ,  a contradiction . Therefore  L u  .  L G ˜  .
 Let  e i  5  (1 / 4 2) e i  ,  where  e i  5  (0 i 2 1  1  0 24 2 i ) , i  5  1 ,  .  .  .  ,  24 .  Then  e i  ?  e j  5  0 for  i  ?  j ,
 e 2 i  5
 1 – 2  ,  and  e 1  ,  .  .  .  ,  e 2 4 is a basis of  R
 n .  Clearly , 2 e i  P  L G ˜  .  Under the isomorphism
 L u  .  L G ˜  ,  assume that  y  i  S  2 e i  , i  5  1 ,  .  .  .  ,  24 .  Then  y  1  ,  .  .  .  ,  y  2 4  P  L u  with  y  i  ?  y  j  5  0 for
 i  ?  j  and  y  2 i  5  2 , i  5  1 ,  .  .  .  ,  24 ,  and  y  1  ,  .  .  .  ,  y  2 4 is a basis of  R
 n .
 Now we deviate from Venkov’s proof . Since  L u  and  L  are neighbours , by
 Propositions 1(b) and 2(a) , there is a  y  P  L u  with  y  / 2  ¸  L u ,  y  2 / 8  P  Z , such that
 L  5  ( L u ) y  5  ( L u ) y  <  ( y  / 2  1  ( L u ) y  ) .  Assume that  y  5  o 24 i 5 1  1 – 2 m i y  i  , m i  P  Z . Since  L u  is
 integral ,  y  i  ?  y  P  Z  ( i  5  1 ,  .  .  .  ,  24) ,  so  m i  P  Z . We assert that all  m i  are odd . Suppose
 that  m i  is even for some  i .  Then  y  i  ?  y  5  m i  ;  0 (mod  2) , i . e .  y  i  P  ( L u ) y  Õ  L ,  which
 contradicts the assertion that  L  has no roots .
 For any  i  .  1 ,  we have
 ( y  1  1  y  i )  ?  y  5  m 1  1  m i  ;  0  (mod  2) .
 It follows that  y  1  1  y  i  P  ( L
 u ) y  .  Clearly ,
 m i  5  4 q i  1  h i  ,  where  q i  P  Z  and  h i  5  Ú 1 ,  i  5  2 ,  .  .  .  ,  24 .
 Then  y  9  5  y  2  o 24 i 5 2  q i (2 y  1  1  2 y  i ) is of the form  1 – 2 ( n 1 y  1  1  h  2 y  2  1  .  .  .  1  h  2 4 y  2 4 ) ,  where  n 1
 is odd . Clearly ,  y  9  P  L u ,  y  9 / 2  ¸  L u ,  y  9 2 / 8  P  Z  and  y  9 / 2  ;  y  / 2 (mod( L u ) y  ) .  By Proposi-
 tion 2(b) , ( L u ) y  5  ( L u ) y  9 .  Therefore , we can assume that
 y  5  1 – 2 ( n 1 y  1  1  h  2 y  2  1  .  .  .  1  h  2 4 y  2 4 ) .
 Similarly , 2 y  1  P  ( L u ) y  and we can assume that  n 1  P  h Ú 1 ,  Ú 3 j .  If  n 1  5  Ú 1 ,  then  y  2  5  12 ,
 i . e .  y  2 / 8  ¸  Z . Therefore  n 1  5  Ú 3 .  If  h i  ,  0 for some  i ,  let  s y  i  be the reflection
 determined by the root  y  i  .  Then
 s y  i ( y  j )  5  y  j  for  j  ?  i ,  s y  i ( y  i )  5  2 y  i  ,
 s y  i ( L
 u )  5  L u
 and
 s y  i ( L
 u ) y  5  ( L
 u ) s y  i ( y  ) .
 Clearly ,
 ( L u ) s y i ( y  )  5  ( L u ) s y i ( y  )  < S s i ( y  ) 2  1  ( L u ) s y  i ( y  ) )  .  ( L u ) y  < S y 2  1  ( L u ) y D  5  ( L u ) y  .
 Hence we can assume that  h i  5  1 for all  i  .  1 .  Similarly , we can assume that  n 1  5  2 3 .
 Therefore we can assume that  y  5  1 – 2 ( 2 3 y  1  1  y  2  1  .  .  .  1  y  2 4 ) ,  which satisfies the condi-
 tion  y  P  L u ,  y  / 2  ¸  L u  and  y  2 / 8  P  Z . By Example 1 , ( L G ˜  ) u  5  L 2 4  ,  where  u  5  (1 / 4 2)
 ( 2 3 ,  1 2 3 ) ; therefore we also have ( L u ) y  .  L 2 4  .  h
 R EMARK .  In Venkov’s proof [5] , the case  y  5  1 – 2 ( 2 3 y  1  1  y  2  1  .  .  .  1  y  2 4 ) is missing
 and only the incorrect case  y  5  1 – 2 ( y  1  1  y  2  1  .  .  .  1  y  2 4 ) appears . But  y  5  1 – 2 ( y  1  1  y  2  1
 .  .  .  1  y  2 4 )  does not satisfy  y
 2 / 8  P  Z . By Proposition 2(a) , ( L u ) y  is not even , so
 ( L u ) y  ?  L 2 4  .
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